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A new frequencydomain criterion for RR prediction is proposed
based on stability margins in a Nichols chart. The proposed pro-
cedure should be further developed to obtain a well-de� ned RR
criterion for � ight control system designers applicable to highly
maneuverable � ghters and to large � exible transport aircraft.
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Introduction

I NFINITE gain margin controllers (IGMCs) are a class of robust
controllersdesigned with guaranteedstability in the presence of

a gain uncertainty factor. The loop transfer functions recovered by
themare generallyminimumphasewith no right half-planezeros.1;2

Although seeking robustness, it is also known that the IGMCs dete-
riorate nominal performance, and so the associated linear quadratic
(LQ) cost functions are not necessarily minimum. We consider the
cost functions for single input LQ regulators and investigate op-
timality of the controllers seeking IGM. The problem is stated as
follows: Given k, an IGMC and a scalar ½ ¸ 1, does there exist a
½ 2 [1; 1/ for which ½k is LQ optimal? In output feedback set-
ting, this problem is a simple extension to the inverse problem of
state feedback LQ regulators.3 Both frequency- and time-domain
optimality criteria are considered for analysis. Similar results for
other classes of controllers and cost functions are addressed in the
literature.4;5

Background
Consider a linear time-invariantn-state single input dynamicsys-

tem,

Px.t/ D Ax.t/ C bu.t/ (1)
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where x.t/ and u.t/ are the state and control input signals. A and
b are real compatible matrices. Whenever x.0/ D x0 is nonzero, it
is known that the control law u.t/ uses a constant gain row vec-
tor Nk, linear to sensor outputs z.t/ 2 Rr , and regulates desired out-
puts y.t/ 2 Rp to a set point (zero, assumed). Using C 2 Rr £ n and
H 2 Rp £ n , we write z.t/, u.t/, and y.t/ as

z.t/ D Cx.t/ (2)

u.t/ D ¡Nkz.t/ (3)

y.t/ D Hx.t/ x0 6D 0 (4)

Within this setting, recall the inverse problem of LQ regulators for
z.t/ D x.t/ proposed by Kalman3 using a cost function J ,

J D
1

0

fy0y C u2g dt

D
1

0

fx0H0Hx C u2g dt (5)

V 0 is the transposeof a matrix or a vector V. Note that the regulation
(or performance)problemconsideredbyKalmanhas two categories.
In the � rst case, H is � xed and so is the positive semide� nite (PSD)
matrix Q D H0H in J (see Theorem 5 in Ref. 3 for optimality con-
ditions). In the second case, J assumes several H for which a given
state feedback control law may be optimal (Theorem 6 in Ref. 3,
inverse problem of linear optimal control theory). When y.t/ in J is
unspeci� ed, the algebraic optimality criteria (Theorem 4 in Ref. 3)
determine all possible H for which J is possibly minimum.

In this paper, the inverse problem of linear optimal control theory
is presented for controllers seeking IGM. That is, for a stabilizing
output feedback gain ½k with ½ ¸ 1 in the control law given by

u.t/ D ¡½kx.t/ (6)

the problem is to � nd whether or not u.t/ is optimal for any
½ 2 [1; 1/. Whenevernecessary,kx D NkIn , with identitymatrix In in
k D NkC, is used for specializing the state feedback results.3 The im-
plications of complete controllabilityand observabilityof the pairs
[A; b] and [k; A] are discussed in Ref. 3. In addition, the following
assumptions hold for the output feedback case.

Assumption 1: All nonzero initial conditions x0 satisfying the
expectedvalue E.x0

0x0/ D X, where X is a set of all positivede� nite
(PD) symmetricmatrices, areobservable.Thus, [C, A] is completely
observable.

Assumption 2: The pair [H; A] is completely observable. Unless
x0 in X is zero, this assumption excludes the possibility of y.t/
reaching the set point without u.t/. This may happen when A is
asymptotically stable.

Following the assumptions, the algebraicoptimality criteria for k
to be LQ optimal are6

P D P0 (PD) (7)

.A ¡ bk/0P C P.A ¡ bk/ D ¡.Q C k0k/ (8)

.A ¡ bk/0S C S.A ¡ bk/ D X (9)

Nk D b0PSC 0.CSC0/¡1 (10)

Note that P in Eq. (8) is not unique unless Q C k0k is PSD.7 The
controller Nk in Eq. (10) is optimal for the cost function

J D E
1

0

.x0Qx C u2/ dt (11)

When C D In , the state feedback gain is kx D b0PSS¡1 , and Eqs. (8)
and (9) are equivalent. Thus, the algebraic optimality conditions
simplify to the results of Kalman,3

P D P0 (uniqueand PD) (12)
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kx D b0P (13)

A0P C PA D ¡Q C Pbb0P (14)

The uniqueness of P in Eq. (12) stems from [H; A] being com-
pletely observable,3 instead of Q C k0k in Eq. (8) being stric-
tly PSD. Solution for a controller Nk in Eq. (10) requires parame-
ter optimization,8 with unknowns P and an uncertainty matrix X.
Note, when NkC D b0P, any S from Eq. (9) trivially satis� es Eq. (10).
We will show that this speci� c solutionapplies to IGMCs. Thus, we
refer to conditions I as the algebraic optimality criteria for IGMCs
in state and output feedback cases:

P D P0 (uniqueand PD)

.I / ½ NkC D b0P

A0 P C PA D ¡Q C Pbb0P

Main Result
We begin with the inverse problem of state feedbackcontrollers.3

Lemma 1: Consider a completely controllable plant [A; b] and
a completely observable pair [kx ; A]. Then the stabilizing control
law u.t/ D ¡kx x.t/ is a nondegenerate optimal control law if and
only if j1 C kx . j!In ¡ A/¡1bj2 > 1 is satis� ed. In generalkx will be
optimalwith respectto severalH, all of themsatisfyingobservability
of [H; A] with no commoncancellablefactors in the rational transfer
functions H. j!In ¡ A/¡1b.

Lemma 1 is the frequency-domain-based optimalityconditionfor
kx simultaneously satisfying the time-domain algebraic optimality
conditions I. Suppose kx is an IGMC not satisfying Kalman’s op-
timality conditions; we will now show that ½kx at some ½ in the
interval [1; 1/ is indeed optimal. For this purpose, interpretationof
Lemma 1 using Bode plots of h.s/ is necessary.

Theorem 1: Consider a completely controllable plant [A; b],
a completely observable stabilizing state feedback control law
u.t/ D ¡kx x.t/ with loop transfer function h.s/ D kx .sIn ¡ A/¡1b,
and a completely observablepair [H; A]. Then the control law u.t/
is optimal with algebraic optimality conditions I if and only if the
magnitude and phase plots of h.s/ satisfy

jh. j!/j > ¡2 cos[6 h. j!/] 8! > 0 (15)

Proof: Let h. j!/ D hr C j hi , jh. j!/j2 D h2
r C h2

i , and hr D
cos. 6 h/jh. j!/j, where 6 h is 6 h. j!/, the phase angle for the loop
transfer functionat all frequencies! > 0. Because the algebraic op-
timality conditionsI and j1 C h. j!/j2 > 1 are equivalent, it suf� ces
to check inequality (15). From the necessary and suf� cient condi-
tions (referred by ,) for LQ optimality in Lemma 1, we infer

j1 C h. j!/j2 > 1

, [1 C h. j!/][1 C h.¡ j!/] > 1

, 1 C 2hr C h2
r C h2

i > 1

, h2
r C h2

i > ¡2hr

, jh. j!/j > ¡2 cos. 6 h/ QED

Because kx is an IGMC and the direction of the vector .½hr ; ½hi /
0

for ½h. j!/ is unaltered at all ½ ¸ 1, the invariance of ¡2 cos. 6 ½h/
at any ½ ¸ 1 is inferred. Suppose now the IGMC kx is not optimal
and ¡2 cos. 6 h/ is positiveover some ! [otherwiseinequality(15) is
trivially satis� ed]; then inequality (15) can be satis� ed by selecting
any ½ given by

½ > ½¤ D sup
! > 0

¡2 cos[6 h. j!/]
jh. j!/j

Thus, Theorem 1 for IGM state feedback gains is specialized as
follows.

Corollary 1 (state feedback case): Let kx be a nonoptimal IGMC
with loop transfer function h.s/ D kx .sIn ¡ A/¡1b and ½¤ given by

½¤ D sup
! > 0

¡2 cos[6 h. j!/]
jh. j!/j

Then ½kx for all ½ > ½¤ is optimal and guarantees the algebraic
optimality conditions I.

Proof:

½ > ½¤ D sup
!

¡2 cos. 6 h/

jh. j!/j
, ½jh. j!/j > ¡2 cos. 6 h/

, j½kx .s In ¡ A/¡1bj > ¡2 cos. 6 h/

, by Theorem 1, ½kx is optimal

Because Theorem 1 and the algebraic optimality conditions I are
equivalent, ½kx satis� es conditions I. QED

Corollary 2 (output feedback case): Consider a completely con-
trollable and observable system [A; b; C]. Let NkC be a stabilizing
nonoptimal IGMC with no cancellable factors in the loop transfer
function h.s/ given by

h.s/ D NkC.s In ¡ A/¡1b

Let ½¤ for h.s/ satisfy

½¤ D sup
! > 0

¡2 cos[6 h. j!/]
jh. j!/j

Then for all ½ > ½¤, ½ NkC is optimal and satis� es the algebraic opti-
mality conditions I.

Proof: The proof is similar to Corollary 1. However, loop transfer
functionh.s/, algebraicoptimality conditionsI, and ½ > ½¤ are now
de� ned using the controller ½ NkC. QED

In a designsetting, thepole-zeroexcessof the minimal phase loop
transfer functions h.s/ by optimal IGMCs are restricted to either 1
or 2 (Ref. 2). For h.s/ with pole-zero excess of 2, the intersection
of the asymptotes in root locus discussion must be centered at the
open left-half plane. In cases where h.s/ exceeds 3, note that the
asymptotes from root locus technique intersect the imaginary axis
in the directionof the right-halfplane. Thus, h.s/ cannot have IGM.

Remark 1 (design inference): Let the rational transfer functions
C.sIn ¡ A/¡1b construct a loop transfer function k.sIn ¡ A/¡1b or
kx .sIn ¡ A/¡1b with pole-zero excess 1 or 2. Let the pole and zero
locations pi and z j of a minimal phase h.s/ satisfy the condition

n

i D 1

pi ¡
m

i D 1

zi < 0

whenever n ¡ m D 2. If kx for a state feedback case, or k for an
output feedback case, can assign z j in the open left-half plane, then
the controllers½k or½kx can be made optimalat ½ > ½¤ as discussed
in Corollaries 1 and 2.

Remark 2 (optimal controller for regional pole constraints): Sup-
pose kx or k in Remark 1 arbitrarily assigns z j ; then selection and
assignment of the zero locations z j determine approximate open
left-half plane regions for the eigenvalues of .A ¡ bk/.

Existence, Uniqueness, and Computation
of Symmetric Matrices P and Q

Existence and uniqueness of P for IGMC are obvious from
Lemma 1, because Q D H0H is PSD,7 and [H; A] is completely
observable.3 To compute P and Q in both state and output feedback
cases, we follow the next result.9

Lemma 2: For a controllable system [A; b], there exists a PD
matrixP D P0 andaPSD matrixQ D Q0 if andonlyif K D ½kx .or½k/
satis� es, 1) .A ¡ bK/ is stable,2) Kb > 0, and 3) ¡.b0A0K 0 CKAb/C
b0K0Kb ¸ 0.
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Condition 1 for state and output feedback cases is trivially satis-
� ed because we assume a stabilizing IGMC. Because K D b0P and
P is PD, condition 2 implies b0Pb > 0, which is also true because P
is PD. Condition 3 comes from Eq. (14) to guarantee a PSD Q. By
conditions 1 and 2, P for controller K is

P D K0.KB/¡1K C Y (16)

where

Yb D 0 (17)

If condition 3 holds, Y D Y0 computing a PSD Q is

Q D ¡A0K 0.Kb/¡1K ¡ K0.Kb/¡1KA C K0K ¡ A0Y ¡ YA (18)

Examples
Consider the short-perioddynamics of an aircraft with state vari-

ablesx1.t/ (angleof attack,degree), x2.t/ (pitchrate,degree/second)
and a control input u.t/ (the elevator de� ection, degree). The con-
trollable pair [A; b] is

A D
¡0:7520 1:001

0:07896 ¡0:8725
; b D

¡0:0631

¡3:3990

For b, the Y.´/ in Eq. (17) with a free parameter ´ is

Y.´/ D
y1 y2

y2 1
´; y1 D 2901:64054239365

y2 D ¡53:86687797147 (19)

State Feedback Case
Based on the control law u.t/ D ¡kx x.t/ with sensors z.t/ D x.t/,

the loop transfer function h.s/ can have three possible IGMCs,
namely, kx; j ; j D 1; 2; 3 for three different zero (z1 ) locations of
h.s/10:

kx;1 D [1; ¡1:5531]; z1 2 .¡0:5247; 0/

kx;2 D [0:01; ¡0:1879]; z1 2 .¡1:0998; ¡0:5247/

kx;3 D [¡1:2720; ¡1]; z1 2 .¡1; ¡1:0998/

All of these controllers satisfy optimality conditions in Theorem 1.
The symmetric matrices P by Eq. (16) and Q by Eq. (18) for each
controller kx ; j D b

0
P are computed using Y.10¡4/, Y.10¡6/, and

Y.10¡3/. Q in each case is PD.

Output Feedback Case
Here we consider the preceding state feedback gains and as-

sume either an angle-of-attacksensor (z D x1 ) or a pitch rate sensor
(z D x2 ) is failed.In bothcases, theminimalphaselooptransferfunc-
tions h.s/ with pole-zero excess of 1 guarantee an IGMC. Suppose
kx; j D [ka; j ; kq ; j ]; it is inferred that the IGMCs k j D [0; kq; j ] in the
pitch rate sensorloop are all optimal by inequality(15). Positivedef-
inite P and Q matrices for each controller k j D b0P; j D 1; 2; 3, are
computed using Y.10¡3/, Y.10¡5/, and Y.10¡4/. However, when it
fails, k4 D [¡1:2720; 0] is the only stabilizing IGMC by the angle-
of-attack sensor. Moreover, gain k4 is not optimal by inequality
(15) (see Fig. 1). However, it is made optimal at ½ > ½¤ D 1320:9
(see Fig. 2). Suppose we choose ½ D 1330; then K D ½k4 in Lemma
2 proves the existence of P and Q. Because the constant gain for
the angle-of-attacksensor does not seem to add adequate damping,
½ D 1330 suggests a cheap optimal control law. In this case, a PD
or a PSD Q, though it exists, is not simple to compute.

Fig. 1 Nonoptimal IGMC k4.

Fig. 2 Optimal IGMC ½k4; ½ > ½¤ .

Conclusions
In this Note, a class of constant gain feedback control laws seek-

ing IGM is considered for investigating the inverse problem of LQ
optimal regulators. Using Bode plots of a loop transfer function, it
is shown that, in both state and output feedback cases, all single
input IGMCs are indeed LQ optimal. Algebraic optimality criteria
for these controllers are also presented.An aircraft control problem
illustrates state and output feedback settings.
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